Abstract. The purpose of this article is to propose an iteration algorithm for Bergman quasiasymptotically nonexpansive mapping to have the strong convergence under a limit condition only in the framework of reflexive Banach spaces. As applications, we apply our results to a system of equilibrium problems. The results presented in the paper improve and extend the corresponding results of Reich
Introduction
Let E be a real reflexive Banach space with the dual E * , C be a nonempty closed convex subset of E . In the sequel, we use F(T ) to denote the set of fixed points of a mapping T : C → C , R to denote the set of all real numbers.
Recall that a mapping T : C → C is nonexpansive, if ||T x− Ty|| ||x − y||, ∀x, y ∈ C . T is said to be quasi-nonexpansive, if F(T ) = / 0 and ||T x − p|| ||x − p||, ∀x ∈ C, p ∈ F(T ).
It turns out that the fixed point theory of nonexpansive mappings can be applied to solutions of diverse problems such as finding zeroes of monotone mappings and solutions to certain evolution equations and solving convex feasibility, variational inequality and equilibrium problems. There are, in fact, many papers that deal with methods for finding fixed points of nonexpasive and quasi-nonexpansive mappings in Hilbert, uniformly convex and uniformly smooth Banach spaces (for example [2, 7-14, 18, 20] .
When we try to extend this theory to general Banach spaces we encounter some difficulties, because many of the useful examples of nonexpansive mappings in Hilbert space are no longer nonexpansive in Banach spaces, for example, the resolvent R A := (I + A) −1 of a maximal monotone mapping A : H → 2 H and the metric projection P C . There are several ways to overcome these difficulties. One of them is to use the Bergman distance (see Section 2) instead of the norm, Bergman (quasi-)nonexpansive mappings instead of the (quasi-)nonexpansive mappings (see Section 2) and the Bergman projection instead of the metric projection (see section 2).
In 2010, Reich and Sabach [15] introduced the concept of Bergman strongly nonexpansive mapping and study the convergence of two iterative algorithms for finding common fixed points of finitely many Bregman strongly nonexpansive operators in reflexive Banach spaces. In 2012, Suantai et al. [19] also consider the strong convergence for Bergman strongly nonexpansive mappings in reflexive Banach spaces.
The purpose of this paper is to introduce the concept of Bergman quasi-asymptotically nonexpansive mappings which contains Bergman strongly nonexpansive mapping as its special case and by using hybrid Bergman projection to propose an iteration algorithm for Bergman quasi-asymptotically nonexpansive mapping to have the strong convergence under a limit condition only in the framework of reflexive Banach spaces. As applications, we apply our results to a system of equilibrium problems in reflexive Banach spaces. The results presented in the paper improve and extend the corresponding results of Reich and Sabach [15] , Suantai et al. [19] , Chang et al. [7, 8] , Nilsrakoo and Saejung [12] , Qin et al. [13, 14] , Wang et al. [20] , Su et al [18] , Kang et al. [10] Martinez-Yanes and Xu [11] and others.
Preliminaries
In this section, we begin with by recalling some preliminaries and lemmas which will be used to prove our main results.
Throughout this paper E is a real reflexive Banach space, E * is the dual space of E , f : E → (−∞, +∞] is a proper, convex and lower-semi-continuous function and
We denote by dom f the domain of f , that is, the set {x ∈ E : f (x) < +∞} . For any x ∈ intdom f and y ∈ E , we denote by f o (x, y) the right-hand derivative of f at x in the direction y, that is,
The function f is called Gâteaux differentiable at x , if lim t→0+
exists for any y. In this case f o (x, y) coincides with f (x), the value of the gradient f at x . The function f is said to be Fréchet differentiable at x , if this limit is attained uniformly in ||y|| = 1 . Finally, f is said to be uniformly Fréchet differentiable on a subset C of E , if the above limit is attained uniformly for x ∈ C and ||y|| = 1. 
The function f and f * are strictly convex on the interior of their respective domains.
Examples of Legendre functions are given in [1] . One important and interesting Legendre function is
when E is a smooth and strictly convex Banach space. In this case the gradient f of f is coincident with the generalized duality mapping of E , i.e., f = J p , p ∈ (1, ∞). In particular, f = I the identity mapping in Hilbert space.
From now on we always assume that the convex function f :
is called the Bergman distance with respect to f .
It should be noted that the Bergman distance is not a distance in the usual sense of the term. Clearly, D f (x, x) = 0, but D f (x, y) = 0 may not imply x = y. In our case when f is Legendre this indeed holds. In general, D f is not symmetric and does not satisfy the triangle inequality. But it has the following important properties:
(1) (The three point identity): for any x ∈ dom f and y, z ∈ intdom f ,
(2) (The four point identity): for any y, w ∈ dom f and x, z ∈ intdom f ,
The function f is called totally convex, if it is totally convex at every point x ∈ intdom f . The function f is called totally convex on bounded sets, if ν f (K,t) is positive for any nonempty bounded subset K of E and for any t > 0 , where the modulus of total convexity of the function f on the set K is the function
The next proposition will be very useful in the proof our main results.
PROPOSITION 2.6. [15] (1) If x ∈ intdom f , then the following statements are equivalent: (i) The function f is totally convex at x ;
(ii) For any sequence {y n } ⊂ dom f ,
(2) If f : E → R is a Gâteaux differentiable and totally convex function. If x 0 ∈ E , and the sequence {D f (x n , x 0 )} is bounded, then the sequence {x n } is bounded too.
Recall that the function f is called sequentially consistent [1] , if for any two sequences {x n } and {y n } in intdom f and dom f , respectively, and {x n } is bounded, then
PROPOSITION 2.7. [4] The function f is totally convex on bounded sets if and only if it is sequentially consistent.
Recall that the Bregman projection (cf. [4] ) of x ∈ intdom f onto a nonempty, closed and convex set C ⊂ dom f is the unique vector P
Similarly to the metric projection in Hilbert space, Bregman projections with respect to totally convex and differentiable functions have variational characterizations.
PROPOSITION 2.8. [5] Suppose that f is Gâteaux differentiable and totally convex on intdom f . Let x ∈ intdom f and let C ⊂ intdom f be a nonempty, closed and convex set. Then the following statements are equivalent: (i) z ∈ C is the Bregman projection of x onto C with respect to f , i.e., z = P f C (x); (ii) The vector z is the unique solution of the following variational inequality
(iii) z is the unique solution of the following inequality
PROPOSITION 2.9.
[16] Let f : E → R be a Gâteaux differentiable and totally convex function. If x 0 ∈ E and the sequence {D f (x n , x 0 )} is bounded, then the sequence {x n } is bounded too. DEFINITION 2.10. Let C be a convex subset of E and let T : C → C be a mapping.
(1) A point p ∈ C is said to be an asymptotically fixed point of T , if there exists a sequence {x n } ⊂ C such that x n converges to p weakly, and ||x n − T x n || → 0.
In the sequel, we denote byF(T ) the set of asymptotically fixed point of T .
(2) T is said to be Bergman relatively nonexpansive, if
(3) T : C → C is said to be Bergman strongly nonexpansive, ifF(T ) = / 0 and
and if whenever {x n } ⊂ C is bounded, p ∈F(T ) and 
A mapping T : C → C is said to be closed if, for any sequence {x n } ⊂ C with x n → x and T x n → y, then T x = y. REMARK 2.11. From the definitions, it is obvious that if F(T ) =F(T ) = / 0, then a Bergman strongly nonexpansive is a Bergman relatively nonexpansive mapping; A Bergman relatively nonexpansive mapping is a Bergman quasi-nonexpansive mapping. A Bergman quasi-nonexpansive mapping is a Bergman quasi-asymptotically nonexpansive mapping, but the converse is not true. EXAMPLE 2.12. [15] Let E be a real reflexive Banach space, A : E → 2 E * be a maximal monotone mapping and f : E → (−∞, +∞] be a uniformly Fréchet differentiable and bounded on bounded subsets of E such that A −1 0 = / 0 , then the resolvent
is closed and Bergman relatively nonexpansive from E onto D(A), so is a closed Bergman quasi-asymptotically -nonexpansive mapping; EXAMPLE 2.13. [15, 17] Let E be a reflexive Banach space, C be a nonempty, closed and convex subset of E . If the Legendre function f : E → (−∞ + ∞] is uniformly Fréchet differentiable and bounded on bounded subset of E , then the Bergman projection P f C is a closed Bergman relatively nonexpansive mapping from E onto C , so is a closed Bergman quasi-asymptotically -nonexpansive mapping. EXAMPLE 2.14. [15, 17] Let E be a reflexive Banach space, C be a nonempty closed and convex subset of E , f : E → (−∞, +∞] be a Legendre function and g : C × C → R be a bifunction satisfying the conditions: (A1) g(x, x) = 0 ∀x ∈ C ; (A2) g(x, y) + g(y, x) 0 ∀x, y ∈ C ; (A3) for each x, y, z ∈ C , lim t↓0 g(tz + (1 − t)x, y) g(x, y); (A4) for each given x ∈ C , the function y → g(x, y) is convex and lower semicontinuous.
The "so-called" equilibrium problem for g is to find a x * ∈ C such that g(x * , y) 0, ∀y ∈ C . The set of its solutions is denoted by EP(g), and the resolvent operator of a bifunction g :
It is known that ( 
LEMMA 2.15. Let E be a real reflexive Banach space and C be a nonempty, closed and convex subset of E and f : X → (−∞, +∞] be a Legendre function which is bounded, uniformly Fréchet differentiable and total convex on bounded subsets of E . Let T : C → C be a closed and Bergman quasi-asymptotically nonexpansive mapping with sequence {k
n } ⊂ [1, ∞) and k n → 1 . If F(T ) = / 0 ,
then it is a closed and convex subset of C .
Proof. Letting {p n } be a sequence in F(T ) with p n → p (as n → ∞), we prove that p ∈ F(T ). In fact, since {p n } ⊂ F(T ) and p n → p , we have T p n = p n → p (as n → ∞). By the closeness of T , we have T p = p . This implies that F(T ) is closed. F(T ) is convex. For any p, q ∈ F(T ), t ∈ (0, 1) , putting w = t p+(1−t)q , we prove that w ∈ F(T ). Indeed, in view of the definition of Bergman distance D f (x, y) we have
Next we prove that
(2.4) Since T is Bergman totally quasi-asymptotically nonexpansive, we have
(2.5) Substituting (2.5) into (2.4) and simplifying it we have
Hence, D f (w, T n w) → 0 . By Proposition 2.6(ii), we have T n w → w. This implies that T T n w = T n+1 w → w. Since T is closed, we have w = Tw, i.e., w ∈ F(T ). This completes the proof of Lemma 2.15. DEFINITION 2.16. [19] Let f : E → R be a proper convex and lower semicontinuous Legendre function, then for any z ∈ E , for any {x n } ⊂ E and 
(2) A mapping T : C → C is said to be uniformly L -Lipschitz continuous, if there exists a constant L > 0 such that ||T n x − T n y|| L||x − y||, ∀x, y ∈ C, ∀n 1.
Main Results

THEOREM 3.1. Let E be a real reflexive Banach space, C be a nonempty closed convex subset of E . Let f : E → (−∞, +∞] be a Legendre function which is bounded, uniformly Fréchet differentiable and totally convex on bounded subsets of E , and T i :
C → C , i = 1, 2, ··· be a countable family of closed and uniformly Bergman quasiasymptotically nonexpansive mappings satisfying the condition (2.7) and for each i 1 , T i is uniformly L i -Lipschitz continuous. Let {α n } be a sequence in [0, 1] such that lim n→∞ α n = 0 . Let {x n } be the sequence generated by
is the Bergman projection of E onto
Proof. (I) First we prove that F and C n , n 1 both are closed and convex subsets in C .
In fact, it follows from Lemma 2.15 that F(T i ), i 1 is a closed and convex subset of C . Therefore F is closed and convex in C .
Again by the assumption that C 1 = C is closed and convex. Suppose that C n is closed and convex for some n 1 . In view of the definition of Bergman distance with respect to f we have that
This shows that C n+1 is closed and convex. The conclusions are proved.
(II) Now we prove that F ⊂ C n , ∀n 1.
In fact, it is obvious that F ⊂ C 1 = C . Suppose that F ⊂ C n for some n 1. Since T i : C → C, i = 1, 2, ··· is a countable family of uniformly Bergman quasiasymptotically nonexpansive mappings satisfying (2.7), hence for any u ∈ F ⊂ C n , it follows from (2.7) that
Therefore we have
This shows that u ∈ C n+1 , and so F ⊂ C n+1 . The conclusion is proved.
(III) Now we prove that {x n } converges strongly to some point p * ∈ C . In fact, since x n = P f C n (x 1 ), from Proposition 2.8 (ii) we have
This implies that lim
Since f is uniformly continuous, we have that
Since {D f (x n , x 1 )} is convergent, this together with
. If there exists another subsequence {x n j } ⊂ {x n } such that x n j → q , then from Proposition 2.8(iii) we have that
i.e., p * = q and so lim
By the way, from (3.6) it is easy to see that
(IV) Now we prove that p * ∈ F . In fact, since x n+1 ∈ C n+1 , from (3.1), (3.6) and (3.7) we have that Since {x n } is bounded and {T m } ∞ m=1 is uniformly Bergman quasi-asymptotically nonexpansive, {T n m x n } ∞ m,n is uniformly bounded. In view of α n → 0 , hence from (3.1) we have that for each m 1
Since f is uniformly continuous, it follows from (3.9) that for each m 1, f (y n,m ) → f (p * ). Hence from (3.10) we have that for each m 1 , lim n→∞ f (T n m x n ) = f (p * ). Since f is uniformly continuous, it yields that for each m 1
On the other hand, by the assumptions that for each m 1, T m is uniformly L mLipschitz continuous, thus we have where {α n } is a sequence in [0, 1] . If α n → 0 , then {x n } converges strongly to P f F (x 1 ).
Proof. Since {T
is a countable family of closed Bergman quasi-nonexpansive mappings, by Remark 2.12, it is a countable family of closed and uniformly Bergman quasi-asymptotically nonexpansive mappings with sequence {k n = 1} . Hence η n = (k n − 1) sup u∈F φ (u, x n ) = 0 . Therefore the conditions appeared in Theorem 3.1: "F is a bounded subset in C " and "for each i 1, T i is uniformly L i -Lipschitz" are no use here. Therefore all conditions in Theorem 3.1 are satisfied. The conclusion of Theorem 3.2 can be obtained from Theorem 3.1 immediately. REMARK 3.3. Theorems 3.1 and 3.2 improve and extend the corresponding results of Reich and Sabach [15] , Suantai et al. [19] , Chang et al. [7, 8] , Nilsrakoo and Saejung [12] , Qin et al. [13, 14] , Wang et al. [20] , Su et al [18] , Kang et al. [10] Martinez-Yanes and Xu [11] and others.
